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Abstract. Let G be a real reductive Lie group and H a closed re- 
ductive subgroup of G. We investigate the deformation of "standard" 
compact quotients of G/H, i.e., of quotients of G/H by discrete sub- 
groups F of G that are uniform lattices in a closed reductive subgroup L 
of G acting properly and cocompactly on G/H. For L of real rank 1, 
we prove that after a small deformation in G, such a group F remains 
discrete in G and its action on G/H remains properly discontinuous and 
cocompact. More generally, we prove that the properness of the action 
of any convex cocompact subgroup of L on G/H is preserved under 
small deformations, and we extend this result to reductive homogeneous 
spaces G/H over any local field. As an application, we obtain com- 
pact quotients of SO(2n, 2)/U(n, 1) by Zariski-dense discrete subgroups 
of SO(2n,2) acting properly discontinuously. 



1. Introduction 

Let G be a real connected reductive linear Lie group and H a closed con- 
nected reductive subgroup of G. We are interested in the compact quotients 
of G/H by discrete subgroups V of G. We ask that the action of V on G/H 
be properly discontinuous in order for the quotient F\G/H to be Hausdorff. 
This imposes strong restrictions on T when H is noncompact. For instance, 
if ranknj(G') = rankR(if), then all discrete subgroups of G acting properly 
discontinuously on G/H are finite: this is the Calabi-Markus phenomenon 
[Kol]. Usually the action of T on G/H is also required to be free, so that 
T\G/H be a manifold, but this condition is not very restrictive: if T acts 
properly discontinuously and cocompactly on G/H, then it is finitely gener- 
ated, hence virtually torsion-free by Selberg's lemma jSelJ. 

In this paper we investigate the deformation of compact quotients T\G/H 
in the important case when V is "standard", i.e., when T is a uniform lattice 
in some closed reductive subgroup L of G acting properly and cocompactly 
on G/H. Most of our results hold for reductive homogeneous spaces over 
any local field, but in this introduction we first consider the real case. 

1.1. Deformation of compact quotients in the real case. Let G be 

a real reductive linear Lie group and H a closed reductive subgroup of G. 
In all known examples, if G/H admits a compact quotient, then there is 
a closed reductive subgroup L of G that acts properly and cocompactly 
on G/H. For instance, L = U(n, 1) acts properly and transitively on the 
(2n + l)-dimensional anti-de Sitter space G/H = SO(2n, 2)/SO(2n, 1) (see 
Section [6]). Any torsion-free uniform lattice T of such a group L acts properly 
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discontinuously, freely, and cocompactly on G/H; we will say that the corre- 
sponding compact quotient T\G/H is standard. Note that L always admits 
torsion-free uniform lattices by |Bol| . Kobayashi and Yoshino conjectured 
that any reductive homogeneous space G/H admitting compact quotients 
admits standard ones f |KY| . Conj. 3.3.10); this conjecture remains open. 

Of course, nonstandard compact quotients may also exist: this is the case 
for instance for G/H = (Go X Go)/Aq , where Go is any reductive Lie group 
and Aq is the diagonal of Go X Go (see |Ghy|, [GolJ, |Ko3j . [Sal] ). But in 
general we know only standard examples. In order to construct nonstandard 
ones, it is natural, given a reductive subgroup L of G acting properly and 
cocompactly on G/H \ to slightly deform torsion-free uniform lattices r of L 
in G and to see whether they remain discrete in G and their action on G/H 
remains proper, free, and cocompact. 

Since our goal is to obtain nonstandard quotients, we are not really in- 
terested in trivial deformations of T, i.e., in deformations by conjugation, 
for which the quotient T\G/H will remain standard. The problem there- 
fore boils down to the case when L is reductive of real rank 1. Indeed, by 
classical preliminary reductions, that is, considering separately the different 
irreducible quasifactors of T and possibly passing to subgroups of finite in- 
dex, we may assume that T is irreducible and that L has no compact factor. 
If L is semisimple of real rank > 2, then Margulis's superrigidity theorem 
implies that F is locally rigid in G ( |Marj . Cor. IX. 5. 9). 

We prove the following result. 

Theorem 1.1. Let G be a real reductive linear Lie group, H and L two closed 
reductive subgroups ofG. Assume thatrank^(L) = 1 and that L acts properly 
and cocompactly on G/H. For any torsion-free uniform lattice T of L, there 
is a neighborhood hi C Hom(r, G) of the natural inclusion such that any 
<p 6W is injective and f(T) is discrete in G, acting properly discontinuously 
and cocompactly on G/H. 

We denote by Hom(r, G) the set of group homomorphisms from T to G, 
endowed with the compact-open topology In the real case, the fact that 
</?(r) remains discrete in G for ip £ Hom(r, G) close to the natural inclusion 
is a general result of Guichard ( |Guij . Th. 2). 

Theorem ll.il improves a result of Kobayashi ( [Ko3| . Th. 2.4), who consid- 
ered particular homomorphisms of the form 7 1— > 7^ (7)) where if} : T —* Zq{L) 
is a homomorphism with values in the centralizer of L in G. 

By [KY] . Cor. 3.3.7, Theorem O applies to the following triples (G, H, L): 

(1) (SO(2n, 2), SO(2n, 1), U(n, 1)) for n > 1, 

(2) (SO(2n, 2),U(n, 1), SO(2n, 1)) for n > 1, 

(3) (U(2n, 2), Sp(n, 1), U(2n, 1)) for n > 1, 

(4) (SO(8,8),SO(8,7),Spin(8,l)), 

(5) (SO(8,C),SO(7,C),Spin(7,l)), 

(6) (SO*(8),U(l,3),Spin(6,l)), 

(7) (SO*(8),Spin(6,l),U(l,3)), 

(8) (SO*(8),SO*(6) x SO*(2),Spin(6,l)), 

(9) (SO(4,4),Spin(4,3),SO(4,l)), 
(10) (SO(4,3),G 2(2) ,SO(4,l)). 
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As mentioned above, our aim is to deform standard compact quotients 
of G/H into nonstandard ones, which are in some sense more generic. The 
best that we may hope for is to obtain Zariski-dense discrete subgroups 
of G acting properly discontinuously, freely, and cocompactly on G/H. Of 
course, even when L has real rank 1, nontrivial deformations in G of uniform 
lattices r of L do not always exist. For instance, if L is semisimple, noncom- 
pact, with no quasisimple factor locally isomorphic to SO(n, 1) or SU(n, 1), 
then the first cohomology group i^ 1 (r,g) vanishes by |Rag| , Th. 1. This, 
together with [Wei] . implies that T is locally rigid in G. (Here q denotes the 
Lie algebra of G.) 

For (G,H,L) = (SO(2n, 2), SO(2n, 1), U(n, 1)) with n > 2, uniform lat- 
tices r of L are not locally rigid in G, but a small deformation of T will never 
provide a Zariski-dense subgroup of G. Indeed, by |Rag| and [Wei] there is 
a neighborhood in Hom(r, G) of the natural inclusion whose elements are 
all homomorphisms of the form 7 1— > 7^(7), where ip : Y — ► SO(2n,2) is a 
homomorphism with values in the center of U(n, 1). 

On the other hand, for (G, H, L) = (SO(2n, 2), U(n, 1), SO(2n, 1)) with 
n > 1, there do exist small Zariski-dense deformations of certain uniform 
lattices of L in G (see Section [H]): such deformations can be obtained by a 
bending construction due to Johnson and Millson |JMj . Theorem [TTT] there- 
fore implies the following result on the compact quotients of the homogeneous 
space G/H = SO(2n, 2)/U(n, 1). 

Corollary 1.2. For any n > 1, there is a Zariski-dense discrete subgroup 
of SO(2n,2) acting properly discontinuously, freely, and cocompactly on 
SO(2n,2)/U(n,l). 

Note that by [KYj, Prop. 3.2.7, the homo geneous space SO(2n, 2)/U(n, 1) 
is a pseudo-Riemannian symmetric space of signature (2n,n 2 — 1). 

The existence of compact quotients of reductive homogeneous spaces by 
Zariski-dense discrete subgroups was known so far only for homogeneous 
spaces of the form (Go x Go)/ Ag . 

1.2. Deformation of properly discontinuous actions over a general 
local field. We prove that the properness of the action is preserved under 
small deformations not only for real groups, but more generally for algebraic 
groups over any local field k. By a local field we mean R, C, a finite extension 
of Q p , or the field ¥ q ((t)) of formal Laurent series over a finite field ¥ q . 
Moreover we relax the assumption that T is a torsion-free uniform lattice 
of L, in the following way. 

Theorem 1.3. Let k be a local field, G the set of k-points of a reductive 
algebraic \a-group G, and H (resp. L) the set ofk-points of a closed reduc- 
tive subgroup H (resp. of G. Assume that rankk(L) = 1 and that L acts 
properly on G/H. If k = M or C, let T be a torsion-free convex cocompact 
subgroup of L; «/k is non- Archimedean, let T be any torsion-free finitely gen- 
erated discrete subgroup of L. Then there is a neighborhood hi C Hom(r, G) 
of the natural inclusion such that any ip £hi is infective and <f(T) is discrete 
in G, acting properly discontinuously on G/H. 

Recall that for k = K or C, a discrete subgroup of L is called convex 
cocompact if it acts cocompactly on the convex hull of its limit set in the 
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symmetric space of L. In particular, any uniform lattice of L is convex 
cocompact. 

For k = K or C, Theorem 11.11 follows from Theorem 11.31 and from a 
cohomological argument due to Kobayashi (see Section E3J . This argument 
does not transpose to the non- Archimedean case. 

Note that in characteristic zero, every finitely generated subgroup of L is 
virtually torsion-free by Selberg's lemma ( |Selj . Lem. 8), hence the "torsion- 
free" assumption in Theorem 11.31 may easily be removed in this case. 

1.3. Translation in terms of a Cartan projection. Let k be a local field 
and G the set of k-points of a connected reductive algebraic k-group. Fix 
a Cartan projection /j, : G — » E + of G, where E + is a closed convex cone 
in a real finite-dimensional vector space E (see Section [2|) . For any closed 
subgroup H of G, the properness criterion of Benoist ( |Benj . Cor. 5.2) and 
Kobayashi ( |Ko2| . Th. 1.1) translates the properness of the action on G/H 
of a subgroup r of G in terms of fi. Using this criterion (see Subsection I5.4p . 
Theorem [L3] is a consequence of the following result, where we fix a norm || • || 
on E. 

Theorem 1.4. Let k be a local field, G the set of k-points of a connected 
reductive algebraic k-group G, and L the set of k-points of a closed reductive 
subgroup L of G of k-rank 1. If k = W or C, let T be a convex cocompact 
subgroup of L; if k is non- Archimedean, let V be any finitely generated dis- 
crete subgroup of L. For any e > 0, there is a neighborhood U £ C Hom(r,G) 
of the natural inclusion and a constant C £ > such that 

11/^(7)) -m(7) || <£||A*(7)II+C e 
for all <p £hi E and all 7 6 T. 

1.4. Ideas of proofs. The core of the paper is the proof of Theorem 11.41 
We start by recalling, in Section [21 that certain linear forms i on E are 
connected to representations (V, p) of G by relations of the form 

£(/*(</))= log ||p( 5 )|| v 

for all g £ G, where || • || v is a certain fixed norm on V. We are thus led to 
bound ratios of the form ||/?(¥>(7))|| v /||/0(7)|| v , where 7 £ r\{l} and where 
if £ Hom(r, G) is close to the natural inclusion of T in G. 

In order to bound these ratios we look at the dynamics of G acting on the 
projective space IP(l^) , notably the dynamics of the elements g £ G that are 
proximal in P(V). By definition, such elements g £ G admit an attracting 
fixed point and a repelling projective hyperplane in P(V). In Section [3] we 
consider products 21^2^2 • • • kn z n of proximal elements z% having a common 
attracting fixed point Xq and a common repelling hyperplane Xq , with 
isometries ki such that ki - Xq remains bounded away from Xq . We estimate 
the contraction power of such a product in terms of the contraction powers 
of the 2j. 

In Section |4] we see how such dynamical considerations apply to the ele- 
ments 7 £ T and their images 93(7) under a small deformation if £ Hom(r, G). 
We use Guichard's idea |Guij of writing every element 7 £ V as a product 
70 ... 7n of elements of a fixed finite subset F of T, where the norms ||/u(7j)|| 
and ||/i(7i7i + i) — /i(7i) — //(7i+i)|| are controlled for all i. 
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In Section [5] we combine the results of Sections [3] and [4] by carefully 
choosing the finite subset F of T in order to get a sharp control of the ra- 
tios ||a»(¥>(7))Hv/IIp(7)IIvi or equivalents of £(^(^(7)) -^(7)) for 7 e 
From this we deduce Theorem 11,41 

At the end of Section [5] we explain how Theorems 1 1 . 1 1 and 1 1 . 3 1 follow from 
Theorem 11.41 Finally, in Section [6] we establish Corollary 11.21 by relating 
Theorem 11.11 to Johnson and Millson's bending construction. 

Acknowledgements. I warmly thank Yves Benoist and Olivier Guichard 
for fruitful discussion. 

2. CARTAN PROJECTIONS, MAXIMAL PARABOLIC SUBGROUPS, AND 

REPRESENTATIONS 

Throughout the paper, k denotes a local field, i.e., R, C, a finite extension 
of Q p , or the field ¥ q ((t)) of formal Laurent series over a finite field ¥ q . If 
k = R or C, we denote by | • | the usual absolute value on k. If k is non- 
Archimedean, we denote by O the ring of integers of k, by q the cardinal 
of its residue field, by it a uniformizer, by u the (additive) valuation on k 
such that uj(tt) = 1, and by | • | = q~^^ the corresponding (multiplicative) 
absolute value. If G is an algebraic group, we denote by G the set of its 
k-points and by q its Lie algebra. 

In this section, we recall a few well-known facts on connected reductive 
algebraic k-groups and their Cartan projections. 

2.1. Weyl chambers. Fix a connected reductive algebraic k-group G. The 
derived group D(G) is semisimple, the identity component Z(G)° of the 
center of G is a torus, which is trivial if G is semisimple, and G is the 
almost product of D(G) and Z(G)°. Recall that the k-split k-tori of G 
are all conjugate over k. Fix such a torus A and let N (resp. Z) denote 
its normalizer (resp. centralizer) in G. The group X(A) of k-characters 
of A and the group ^(A) of k-cocharacters are both free Z-modules of rank 
rankk(G) and there is a perfect pairing 

(•,•): X(A) x y(A) — ► Z. 

Note that A is the almost product of (AnD(G)) and (An Z(G))°, hence 
X(A)<S) Z R is the direct sum of X((AnD(G))°)%l and X((AnZ(G))°)® z R. 

The set $ = <3?(A, G) of restricted roots of A in G, i.e., the set of non- 
trivial weights of A in the adjoint representation of G, is a root system of 
X((A n D(G))°) ®% R. For a S let a be the corresponding coroot: by 
definition, (a, a) = 2 and s a (&) = <£, where s a is the reflection of X(A)(8>zR 
mapping x to x — (x, a) a. The group W = N/Z is finite and identifies with 
the Weyl group of generated by the reflections s a . 

Similarly, E = y(A)® z Ris the direct sum of Ed = y((AnD(G))°)%R 
and E z = Y((A n Z(G))°) <8js R. The group W = N/Z acts trivially on E z 
and identifies with the Weyl group of the root system <& = {a, a G <&} 
of Ed. We refer to [BoTj for proofs and more detail. 

If k is non- Archimedean, set A° = A; if k = R or C, set 



A° = {a£A, x (a)e]0,+oo[ V X eI(A)}. 
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Choose a basis A of $ and let 

A+ = {a G A , \a(a)\ > 1 Va € A) 
(resp. = (a,x)>0 Va G A}) 

denote the corresponding closed positive Weyl chamber in A (resp. in £7). 
The set E + is a closed convex cone in the real vector space E. If k = M 
or C, then E identifies with a and E + with \ogA + C a, and we endow E 
with the Euclidean norm || • || induced by the Killing form of 0. If k is 
non- Archimedean, we endow E with any P^-invariant Euclidean norm || • ||. 

2.2. Cartan decompositions and Cartan projections. If k = E or C, 

there is a maximal compact subgroup K of G such that the Cartan decom- 
position G = KA + K holds: for g G G, there are elements k g ,£ g G K and 
a unique a g G A + such that g = k g a g l g ((Hel], Chap. 9, Th. 1.1). Setting 
fj>(g) = loga 9 defines a map \i : G — > E + ~ logA + , which is continuous, 
proper, and surjective. It is called the Cartan projection with respect to the 
Cartan decomposition G = KA + K. 

If k is non- Archimedean, let Res : A(Z) —* X(A) denote the restriction 
homomorphism, where A(Z) is the group of k-characters of Z. There is a 
unique group homomorphism v : Z — > E such that 

(Res(x),v(z)) = -u{x{z)) 

for all x ^ A(Z) and z G Z. Let Z + C Z denote the inverse image of E + 
under v. The Cartan decomposition G = KZ + K holds: for g G G, there 
are elements k g ,£ g G K and z s G Z + such that g = k g z g £ g , and ^(%) is 
uniquely defined. Setting /i(g) = v{z g ) defines a map \x : G — » E 1 " 1 ", which 
is continuous and proper, and whose image (i(G) is the intersection of E + 
with a lattice of E. It is called the Cartan projection with respect to the 
Cartan decomposition G = KZ + K . For proofs and more detail we refer to 
the original articles |BTlj and |BT2| . but the reader may also find [Rouj a 
useful reference. 

2.3. A geometric interpretation. If k = M or C, let X = G/K denote 
the Riemannian symmetric space of G and d its distance; set xq = K G X. 
Since G acts on X by isometries, we have 

(2-1) \\n{g)\\=d{x Q ,g-x Q ) 

for all g G G. If k is non- Archimedean, let X denote the Bruhat-Tits building 
of G: it is a metric space on which G acts properly by isometries with a 
compact fundamental domain (see |BTlj or [Roup . When rankk(G) = 1, it 
is a bipartite simplicial tree (see [SerJ, § II. 1, for the case of G = SL2(k)). 
The group K is the stabilizer of some point xq G X, and we have 

(2.2) \\n(g)\\=d{xo,g-x ) 

for all g G G, where d denotes the distance on X. It follows from (|2.ip and 
(|2.2p that in both cases (Archimedean or not), 



(2.3) 



\H9g')\\ < \Hg)\\ + \Hg')\\ 
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for all g,g' G G. In fact, the following stronger inequalities hold (see for 
instance |Kas| . Lem. 2.3): for all g,g' G G, 

\Hgg') - Kg')\\ < WMl 
\\nbgf)-M\\ < \W)\\- 



(2.4) 



2.4. Maximal parabolic subgroups. For a G <3?, let JJ a denote the cor- 
responding unipotent subgroup of G, with Lie algebra u a = g a © g2«, where 

g ia = {X£g, Ad(a)(X) =a(a) i X Va G A] 

for i = 1, 2. For any subset of A, let P# denote the corresponding standard 
parabolic subgroup of G, with Lie algebra 

P*=3© ( u,?) © ( u-p). 

/3G*+ /3eN(A\6») 

Every parabolic k-subgroup P of G is conjugate over k to a unique standard 
one. In particular, the maximal proper parabolic k-subgroups of G are the 
conjugates of the groups P a = P{ a }, where a G A. 

Fix a G A. Since P a is its own normalizer in G, the flag variety G/P a 
parametrizes the set of parabolic k-subgroups that are conjugate to P a . It 
is a projective variety, which is defined over k. Let N~ denote the unipotent 
subgroup of G generated by the groups U-^ for (3 G a + $ + , with Lie algebra 

n « = u -("+/3)- 
/3e<f>+ 

Let W a be the subgroup of W generated by the reflections sp for (3 G A\{a}. 
The Bruhat decomposition 

G/P a = ]J N-wP a 

w£W/W a 

holds, where the projective subvariety N^-wPq, has positive codimension 
whenever wW a ^ W a . We refer to |BoT| for proofs and more detail. 

2.5. Representations of G. For a G A, let u> a G -X"(A) denote the corre- 
sponding fundamental weight: by definition, (u a ,a) = 1 and (u> a , $) = for 
all P G A \ {a}. By [Tit] . Th. 7.2, there is an irreducible k-representation 
(Pa,V a ) of G whose highest weight Xa is a positive multiple of oj a and 
whose highest weight space x+ is a line. The point x+ G P(V^,) is the unique 
fixed point of P a in P(V a ). The map from G/P Q to P(V r Q ) sending gP a 
to Pa(g)(Xa) 1S a closed immersion. We denote the set of restricted roots 
of (p a , V a ) by A a and, for every A G A a , the weight space of A by (V a )\. 

If k = K (resp. if k = C), then the weight spaces are orthogonal with 
respect to some K-invariant Euclidean (resp. Hermitian) norm || • \\ a on V a . 
The corresponding operator norm || • || a on End(V^) satisfies 

(2.5) \\p a (g)\\ a = e^'^ 

for all g G G. If k is non- Archimedean, then there is a ET-invariant ultra- 
metric norm II • |L on V a such that 



AeA Q 



max \\v\\ 

\eA a 
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for all (v\) £ nAeA a (^")A an d such that the restriction of p a {z) to (V a )\ is 
a homothety of ratio g<V0O> f or all z £ Z and all A 6 A Q ( [Qui] , Th. 6.1). 
The corresponding operator norm || • || a on End(V r Q ) satisfies 

(2.6) \\ P «(g)\\a = q {XaM 

for all g £ G. 

2.6. The example of SL n . Let G = SL n for some integer n > 2. The 
group A of diagonal matrices with determinant 1 is a maximal k-split 
k-torus of G which is its own centralizer, i.e., Z = A. The corresponding 
root system <J> is the set of linear forms £j — Ej, 1 < i ^ j < n, where 

£i(diag(ai, . . . ,a n )) = o». 

The roots £j — £i+i, for 1 < i < n—1, form a basis A of If k is Archimedean 
(resp. non- Archimedean) , the corresponding positive Weyl chamber is 

A + = {diag(ai, . . . , a n ) 6 A, Oj G ]0, +oo[ Vi and ai > . . . > a n } 

(resp. A + = {diag(ai, . . . ,a n ) £ A, \ai\ > . . . > \a n \}). 

Set K = SO(n) (resp. K = SU(n), resp. K = SL„(C)) if k = R (resp. if 
k = C, resp. if k is non- Archimedean). The Cartan decomposition G = 
KA + K holds. If k = R (resp. if k = C) it follows from the polar decomposi- 
tion in GL n (M) (resp. in GL n (C)) and from the reduction of symmetric (resp. 
Hermitian) matrices. If k is non- Archimedean, it follows from the structure 
theorem for finitely generated modules over a principal ideal domain. The 
real vector space 

E = {(xi,...,x„) £M", xi + ...+x n = 0} ~ W l ~ l 

and its closed convex cone 

E + = { {x\, . . . , x n ) £ E, xi > . . . > x n ) 

do not depend on k. Let p : G — > E + denote the Cartan projection with 
respect to the Cartan decomposition G = KA + K. If k = R or C, then 
p(d) = log Xj)i<j< n where Xi is the i-th eigenvalue of *gg. If k is non- 
Archimedean and if m is any integer such that ir m g £ M n (0), then p{g) = 
{uj{x m ^i) — m)i<j< n where x m ^ is the i-th invariant factor of 7r m g. 

Fix a simple root a = £j — £i +i £ A. The parabolic group P a is defined 
by the vanishing of the (i,j)-matrix entries for 1 < j < io < i < n. The 
flag variety G/P Q is the Grassmannian G(io,n) of io-dimensional subspaces 
of the affine space A ra . The Lie algebra n~ is defined by the vanishing of 
the (i, j)-matrix entries for 1 < i < io and for io + 1 < i,j < n. The 
decomposition 

G/P Q = ]J N-wP a 

wew/w a 

is the decomposition of the Grassmannian Q(io,n) into Schubert cells. The 
representation (p a ,V a ) is the natural representation of SL n in the wedge 
product A*°A n . Its highest weight is the fundamental weight 

UJ a = E\ + . . . + Ei 

associated with a. The embedding of the Grassmannian G(io,n) into the 
projective space P(V r a ) = P(A l °A n ) is the Plucker embedding. 
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3. Dynamics in projective spaces 

In this section we look at the dynamics of certain endomorphisms of 
k-vector spaces in the corresponding projective spaces, where k is a local 
field. In Subsection 13.11 we start by recalling the notion of proximality. We 
then consider products of the form z±k2Z2 ■ ■ ■ k n z n , where the z% are proximal 
elements with a common attracting fixed point Xq and a common repelling 
hyperplane Xq , and the k{ are isometries such that fc, • Xq remains bounded 
away from Xq . We estimate the contraction power of such a product in terms 
of the contraction powers of the Z{. In Subsection 13.21 we consider a con- 
nected reductive algebraic k-group G and apply the result of Subsection 13.11 
to the representations (V a ,p a ) of G introduced in Subsection [23J Prom (|2.5|) 
and (1231) we get an upper bound for \(Xa, fJ-i.91 ■ ■ ■ 9n) ~ Kffl) ~ • • • ~ v(dn)}\ 
for elements gi, ■ ■ ■ ,g n G G satisfying certain contractivity and transversality 
conditions. 

3.1. Proximality in projective spaces and norm estimates. Let k be 

a local field and V be a finite-dimensional vector space over k. Given a 
basis (vi, . . . , v n ) of V, we define the norm 



(3.1) 



t-i V 

l<j<n 



sup | tj | 

1<J<« 



on V, and we keep the notation || • || v for the corresponding operator norm 
on End(V). We endow the projective space P(V) with the distance 

d(xi,X2) = inf {\\vi — V2\\ v , u$ G x% and \\vi\\ v = 1 Vi = 1,2}. 

Recall that an element g G End(F) \ {0} is called proximal if it has a unique 
eigenvalue of maximal absolute value and if this eigenvalue has multiplicity 1. 
(The eigenvalues of g belong to a finite extension k 9 of k and we consider 
the unique extension to k g of the absolute value | • | on k.) If g is proximal, 
then its maximal eigenvalue belongs to k; we denote by x^ £ P(V) the cor- 
responding eigenline and by X~ the image in P(V) of the unique ^-invariant 
complementary subspace of x+ in V . Note that g acts on P(V) by contract- 
ing P(V) \ X~ towards x+. For e > 0, we will say that g is e-proximal if it 
satisfies the two following additional conditions: 

(1) d(x+,X-)> 2e, 

(2) for any x £ P(V), ]fd(x,X~) > e, then d(g-x,x+) < e. 
We will need the following lemma. 

Lemma 3.1. Let Xq be a projective hyperplane o/P(V), letx$ E ¥{V)\Xq , 
and let e > such that d(x^ , Xq) > 2e. Then there exists r £ > such 
that for any isometries /c2, . . . , k n G End(F) with d(ki ■ Xq,Xq ) > 2e and 
for any e-proximal endomorphisms Z\, . . . , z n G End(y) with xf. = Xq and 
X~ i = Xq , inducing a homothety of ratio \\zi\\ v on the line Xq, we have 



-(n-l) r e 



Y[\\ z i\\v - \\zik 2 Z2 ■ ■ ■ k n z n \\ v < ] f 



4 l II V 
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Proof. Since the operator norm || • || v on End(V~) is submultiplicative and fcj 
is an isometry of V for all i, 

n 

I : < 

i=l 



\zik 2 z 2 . . . 

^ n 



"iiiy- 



Let us prove the left-hand inequality. Let vo G V \ {0} satisfy Xq~ = k^o and 
let Vb be the hyperplane of V such that Xq = P(Vb). Set 

6 e = {xGP(T/), d(x,xj) <e} 
and B £ = {x G P(V), oI(x,Xq) > e}. 

Note that the set of unitary vectors v £ V with k.v G i? e is compact and 
that the map sending v G V to i G k such that u G too + Vq is continuous, 
hence there exists r £ > such that 

(3.2) v G [e- r -f ,e r i-] |k|| ^ + Vb 

for all v G V \ {0} with G B £ . Set 

/ij = Zjkj+iZj+i ■ ■ ■ k n z n G End(V) 

for 1 < j < n. We claim that hj ■ B £ C b £ and 



(3.3) n^-«oiiv > e " (n_j)r£ -n 



n 



i M v 

for all j. This follows from an easy descending induction on j. Indeed, for 
all i we have ki ■ b £ C B £ since ki is an isometry of V and d(ki • Xq , Xq) > 2e, 
and • B £ C fe e since z% is e-proximal with x J = Xg and X~ = Xq . By (|3.2|) , 
we have kj + \hj + i ■ vq G tjVQ + Vo for some tj G M with 

\tj\ > 11%-fi^+i • u |lv = e ~^~ \\hj+i ■ v \\ v . 
By the inductive assumption, 

n 

\tj\ > e-^-i-s)^. n h^ii v . 
i=i+i 

By hypothesis, 2j preserves Vo and induces a homothety of ratio \\zj\\ v on 
the line Xq , hence hj ■ vq = zjkj + \hj + i ■ vq G \\zj\\ v tjVo + Vq, where 



\ z j \\v \"i 



tj\ > e-^-^-H 



Inequality (13. 3p follows, using (13. 2|) again. □ 

3.2. Cartan projection along the fundamental weights. Lemma I3TT1 
implies the following result. 

Proposition 3.2. Let k be a local field and G the set of h-points of a con- 
nected reductive algebraic h-group. Let G = KA + K or G = KZ + K be a 
Cartan decomposition and fx : G — > E + the corresponding Cartan projection. 
Fix a G A and let C a be a compact subset of N~ . Then there exist r Q , R a > 
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n 

(xa,Kai ■ ■■gn) - J^mCs 1 *)) 



such that for all g%,...,g n G G with (a, p(gi)) > i?Q, and £ gi k gi+1 G C a P Q; 
we have 

n 

< nr a . 

=1 

We keep notation from Section El In particular, for g G G we write 
<7 = kgZglg with fc g , ^ 5 G if and z 9 G Z + , as in Subsection 12.21 Given 
a simple root a £ A, we denote by N~ (resp. by P a ) the unipotent (resp. 
parabolic) subgroup of G introduced in Subsection l2.4l and by Xa the highest 
weight of the representation (V a ,p a ) introduced in Subsection 12,51 

Precisely, Proposition 13.21 follows from Lemma I3~T1 from (12. 5p and (|2.6|) . 
and from the following lemma. 

Lemma 3.3. Let x+ G P(V^,) be the highest weight line (V a ) Xa , and let X~ be 
the image in P(V^) of the sum of the weight spaces (V Q )\ for A G A a \ 

(1) Given e > with , X~) > 2e, there exists R a > such that for 
any z G Z + with (a,p,(z)) > R a , the element p a {z) is e-proximal 
tn F(V a ) with {x + pa{zV X- a(z) ) = (x+,X~). 

(2) We have p a {N~)(x+) n X~ = 0. 

Proof. (1) It is sufficient to see that every restricted weight of (p a ,V a ) 
except Xa belongs to Xa — ol — NA. Consider the subgroup W a of W 
generated by the reflections sp : x \— > x — (x, 0) j3 for (3 G A \ {a}. It 
acts transitively on the root subsystem of $ generated by A \ {a}, 
and it fixes Xa since Xq is a multiple of u a and (u a , p) = for all 
f3 G A \ {a}. Therefore, for every weight A G x« — N(A \ {a}) there 
exists w G VF Q such that w-X G Xa + ^A, which implies that A = Xa- 
(2) For n G N~ , the identity element 1 £ G belongs to the closure of the 
conjugacy class {znz~ l , z G Z}, hence x+ belongs to the closure of 
the orbit p a (Zn)(x+) in F(V a ). But X~ is closed in ¥(V a ), stable 
under Z, and does not contain ad". □ 



a ■ 



Proof of Proposition EOl The point x+ G P(V a ) is fixed by P a . Moreover, 
p a (N~)(x+) n X~ = by Lemma l3~3| hence there exists e > such that 

d( Pa (C a P a )(x+),X-) > 2s. 

Let R a be given by Lemma [3.31 and let r a = r e /logg, where r £ > is 
given by Lemma 13.11 and q = e if k is Archimedean, g is the cardinal of 
the residue field of O otherwise. Let g\,...,g n G G satisfy (a,p(gi)) > R a 
and £ gi kg i+1 G C a P a for all i. By Lemma [331 p a {z gi ) is e-proximal in P(V a ) 
with x + / s = x+ and X~ , ^ = X~ . Moreover, it induces a homothety of 



ratio ||/0 a (2; g j|| a on the line i„. By Lemma [371 



q 



-nr a 



Yl\\p<x(Zgi)\\a < \\pa(j9l ■ ■ ■ 9n) \\a < ]J \\P<*( Z 9i) 
i=l i=l 

Using ([2311 and (pL6|) . we get 

n n 

(xa,^/i(ft))-OT« < (Xa,p(gi ■ ■ -On)) < (Xa, ^ KflO/- D 
i=l ' ' i=l 
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4. Transverse products 

In this section we explain how, under the assumptions of Theorem 11.41 
Proposition 13.21 applies to the elements 7 G T and their images 99(7) under a 
small deformation tp G Hom(r,G). We use Guichard's idea [Guij of writing 
every element 7 G V as a "transverse product" 70 ... j n of elements of a fixed 
finite subset F of T. 

4.1. Trans versality in L. Let k be a local field and L a connected reductive 
algebraic k-group of k-rank 1. Fix a Cartan decomposition L = KlA^Kl 
or L = K^Z^ Kl, where Kl is a maximal compact subgroup of L, where 
Al is a maximal k-split k-torus of L, and where Zl is the centralizer of Al 
in L. Let hl '■ L — > denote the corresponding Cartan projection, where 
El = Y(Al) <S>zR- Since L has k-rank 1, the vector space El is a line, and 
any isomorphism from El to R gives a Cartan projection /i* : L — ► R. 

If L has semisimple k-rank 1, then /if takes only nonnegative or only 
nonpositive values. We denote by ul the indivisible positive restricted root 
of Al in L, by Pl = P ai the proper parabolic subgroup of L associated 
with otL, and by N£ = U_ ai the unipotent subgroup associated with -a^. 

If L has semisimple k-rank 0, then Al is central in L, hence Zl = L. 
In this case /if is a group homomorphism from L to R, thus taking both 
positive and negative values. We set Pl = Zl = L and N£ = {1}. 

For the reader's convenience, we give a proof of the following result, which 
is due to Guichard in the real semisimple case ([Gul], Lem. 7 & 9). We 
consider the more general situation of a reductive algebraic group over a 
local field. 

Proposition 4.1 (Guichard). Let k be a local field, L the set ofk-points of a 
connected reductive algebraic k-group of k-rank 1, and /if : L —> R a Cartan 
projection. If k = R or C, let T be a convex cocompact subgroup of L; if k 
is non-Archimedean, let T be any finitely generated discrete subgroup of L. 
Then there exist D > and a compact subset Cl of N£ such that for R> D, 
any 7 G T may be written as 7 = 70 ... J n , where 

(1) 1^(70)1 <R + D andR-D < |/xf ( 7i )| < R + D for all 1 < i < n, 

(2) /if (71), . . . , M £( 7n ) are all > or all < 0, 

(3) l^k li+l £ C l Pl for all I <i < n - 1. 

To prove Proposition 14. II we use the following lemma, which translates the 
transversality condition (3) in terms of /if. 

Lemma 4.2. Under the assumptions of Proposition \4^\ there exists Dq>Q 
with the following property: given any D > Dq, there is a compact subset Cl 
of N£ such that for k G Kl , if 

|m?(*i^2)| >|m2(*i)I + I/£(*2)|-s 

for some z±,Z2 G with |/if (z\)\, |/if (^2)! > D, then k G ClPl- 

Note that Proposition 13.21 implies some kind of converse to Lemma 14.21 
for any compact subset Cl of N£ , there exists D > such that for all 
k G Kl n ClPl and all z±, G Z + , 

\A{^kz 2 )\>\^{z x )\^\iil{z 2 )\-D. 
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Proof of Lemma We may assume that L has semisimple k-rank 1 . Then 
L/Pl is the disjoint union of N£ ■ Pl and {w ■ Pl}, where w denotes the 
nontrivial element of the (restricted) Weyl group of L. It is therefore suffi- 
cient to prove the existence of a neighborhood U of w ■ Pl in L/Pl such that 
for all k£ K L with k ■ P L £ U and all z x , z 2 £ Z^ with /if (z t ), [if (z 2 ) > D, 
we have 

l//S(^)l<l^i)| + i^ 2 )|-i>. 

Let Xl denote either the Riemannian symmetric space or the Bruhat-Tits 
tree of L, depending on whether k is Archimedean or not. The space Xl is 
Gromov-hyperbolic and we may identify L/Pl with the boundary at infin- 
ity 8Xl of Xl, «-e., with the set of equivalence classes [1Z] of geodesic half- 
lines TZ : [0, +00 Xl for the equivalence relation "to stay at bounded dis- 
tance". The point Pl £ L/Pl (resp. w-Pl £ L/Pl) corresponds to the equiv- 
alence class [1Z + ] (resp. [TZ~]) of the geodesic half-line 1Z + : [0,+oo[^ X 
(resp. TZ~ : [0, +oo[^ X) whose image is ■ xo (resp. (w ■ Z~£) • xq). Let 
d be the distance on Xl and xo the point of Xl whose stabilizer is Kl. 
By (I2.ll) and (I2.2|) . we may assume that \[if (g)\ = d(xo,g • xq) for all g £ L. 
By the "shadow lemma" (see |Bou| . Lem. 1.6.2, for instance), there is a con- 
stant Dq > such that the open sets 

U t = I [K] , K(0) = x and d(n{t) , 72," (t)) < D } , 

for i £ [0, +00 [, form a basis of neighborhoods of \Rr] in 8Xl- Fix D > Dq. 
For all fc £ if x and Zi, z 2 € with ti := /if (zi) > D and i 2 := [if(z 2 ) > D, 
we have 

\[if(zikz 2 )\ = d(x ,z 1 kz 2 - x ) 

= d(z x 1 • x , • x ) 

= d(^-(ti),fc-7e + (t 2 )) 
< d(n'(ti),n"(D)) +d{n-{D),k-n + {D)) 
+ d(k-n + (D),k-n + (t 2 )) 

= h- D + d{lZ-{D),k-lZ + {D)) +t 2 - D 

= \l£(zi)\ + |/if (z 2 )\ -2D + d(K-(D), k ■ K + (D)). 

Therefore, if [k • K+] £ U D then \nf{zxkz 2 )\ < \[if{z x )\ + \[if{z 2 )\ - D. This 
completes the proof of Lemma 14.21 □ 

Proof of Proposition \4-l\ As in the proof of Lemma l4~2l let Xl denote either 
the Riemannian symmetric space or the Bruhat-Tits tree of L, depending on 
whether k is Archimedean or not. Let d be the distance on Xl and xo the 
point of Xl whose stabilizer is Kl- By (|2.1|) and (|2.2|) . we may assume that 
|/if (9) I = d(g ■ xq,xo) for all g £ L. Let X' L denote the convex hull of the 
limit set of V in Xl- It is a closed subset of Xl on which V acts cocompactly: 
indeed, if k = R or C this is the convex cocompacity assumption; if k is non- 
Archimedean it follows from jBasj . Prop. 7.9. Fix a compact fundamental 
domain V of X' L for the action of T, and fix x' £ Int(D). Let dx> be the 
diameter of V and Dq the constant given by Lemma I4T21 Let 

D = max (Do, 6 d© + 6 c?(xq, x' )) > 
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and let Cl be the corresponding compact subset of N£ given by Lemma l4~2l 
We claim that D and Cl satisfy the conclusions of Proposition 14,11 Indeed, 
let R> D. Fix 7 G T and let I be the geodesic segment of X' L with endpoints 
x' and 7 _1 • x' . Let re G N such that 

nR < (i(xo,7 _1 • x' Q ) < (n+l)R. 

For all 1 < i < n, let x^ G I satisfy d(x^,x' ) = ii?. We have x^ G Aj • P for 
some Aj G T. Let 70 = 7A n G T and 7^ = A~^ i+1 A n _j G T for i > 1 (where 
Ao = 1), so that 7 = 70 • • • 7n- For all 1 < i < n, 

|l/**(7i)l — <*(a4-<» acj»-i+i) | = |d(A„_i • x , K-i+i ■ x ) - d{x' n ^ i ,x' n _ i+x )\ 

< d(X n -i ■ xq, A n _j • Xg) + <i(A n _j • x , x n _j) 

+ d(x n _ i+1 , A n _j_|_i • x Q ) + d(A n _j + i • Xq, A„_j + i • xo) 

< 2d© + 2d(xo,Xg). 

Since d(x' n _ il x' n _ i+l ) = i?, we have ||/if(7i)| - R \ < 2d© + 2d(x ,x' ). 
Similarly, 

||Ml(7o)| ~ d{x' nll - 1 ■ x' )\ <2d v + 2d(x ,x' Q ), 
hence |//f (70)] < -R+2dx)+2d(xo, Xq). For 1 < i < n— 1, the same reasoning 
shows that 

|/if (7i7i+i)l > d(x n _i_i,x n _i + i) - 2d© - 2d(x 0) xo) 
= 2i?-2d©-2d(x ,x / ) 
> |/#(7*)l + lA»5(7*+l)l " 6d© - 6d(x ,x^) 
(4-1) > |/x!(7i)l + lM*(7i+l)|--D- 

By Lemma l4~2l we have ^ 7l fc 7i+1 G C^Pl for all 1 < i < n — 1. 

We claim that /if (71), • • • , /if (7n) G K all have the same sign. Indeed, we 
may assume that L has semisimple k-rank 0, in which case /if : L — > R is a 
group homomorphism. If /if (7^) and /if (7^+1) had different signs for some 
1 < i < n — 1, then (14. 1|) would imply that 

min (|/if( 7i )|, |/if (7<+i)l) <f, 
which would contradict the fact that 

lMf(7i)|,|/if(7i+l)l > R-2d v -2d(x ,x' ) 

> D - 2d v - 2d(x ,x' ) > ^. □ 

4.2. Transversality in G. Let k be a local field, G a connected reductive 
algebraic k-group, and L a closed connected reductive subgroup of G of 
k-rank 1. Fix a Cartan decomposition G = KA + K or G = KZ + K . 

Remark 4.3. After conjugating L by some element of G, we may assume 
that L admits a Cartan decomposition L = KlA\Kl or L = KlZ^Kl with 
Kl C K, with Al C A, and with A\ n A + noncompact. 

Indeed, Al is contained in some maximal k-split k-torus of G, and these 
tori are all conjugate over k ([BoT], Th. 4.21). Thus, after conjugating L 
by some element of G, we may assume that Al C A. We now use a result 
proved by Mostow [Mosj and Karpelevich |Kar| in the Archimedean case, 
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and by Landvogt |Lan| in the non- Archimedean case: after conjugating L 
again by some element of G, we may assume that Kl C K. Finally, after 
conjugating L by some element of the Weyl group W, we may assume that 
A\ n A + is noncompact. 

Assume that the conditions of Remark 14.31 are satisfied. The following 
lemma provides a link between Propositions 13. 2l and l4. 11 We use the notation 
of Subsection [ 



Lemma 4.4. // the restriction of a £ A to Al is nontrivial, then Pl C P a 
and N L cN~P a . 

Proof. Fix a S A whose restriction to Al is nontrivial, and let a E PiA + 
such that \a(a)\ > 1. Note that g = n~ © p a and p a = p% © n~ c , where 

/3e<i>+ 

P0 = 3 © U/s, 
/3e<i>+ 

and n~ c = 

/3gN(A\{a}) 

are all direct sums of eigenspaces of Ad(a), with eigenvalues of absolute 
value < 1 on n~ and > 1 on pQ. Since pL is a sum of eigenspaces of Ad(a) for 
eigenvalues of absolute value > 1, we have pi C p a . Given that Pl and P Q 
are connected, this implies that Pl C P a . Since is a sum of eigenspaces 
of Ad(a) for eigenvalues of absolute value < 1, we have C ffin~ c . Note 
that [tt~,n~ c ] C n~, hence N~ is normalized by the group N~ c generated by 
the groups U-p for (3 S N(A \ {a}). This implies that 

N L C N~ N~ c C N-P a . □ 

5. CARTAN PROJECTION AND DEFORMATION 

In this section we prove Theorem 11.41 using Propositions 13.21 and 14.11 By 
the triangular inequality, it is sufficient to prove the following proposition. 

Proposition 5.1. Let k be a local field, G the set of It-points of a connected 
reductive algebraic It-group G, and L the set of \t-points of a closed reductive 
subgroup L of G of \t-rank 1. Fix a Cartan projection /i : G — > E + and a 
norm \\ • || on E. If It = R or C, let T be a convex cocompact subgroup of L; 
if k is non- Archimedean, let T be any finitely generated discrete subgroup 
of L. Then for any e > 0, there exist a finite subset F e ofT, a neighborhood 
hi e C Hom(r, G) of the natural inclusion, and a constant C £ > such that 
any 7 6 T may be written as 7 = 70 ■ ■ ■ 7n for some 70, . . . , "f n G F e with 

(1) n<eM 7 )\\+C £ , 

(2) ||^(y(7i)) — A*(7i)|| < 1 for all (p G U £ and < i < n, 

(3) for all ip £U £ , 

n 

Mv(7))-X>fo(7i))| <£\Ml)\\+C E . 
The proof of Proposition 15.11 will be given in Subsection 15.31 
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5.1. Norms on E and its subspaces. Under the assumptions of Proposi- 
tion EU let G = KA + K or G = KZ + K be the Cartan decomposition cor- 
responding to \x. By (12, 4p . in order to prove Proposition ^, 11 we may assume 
that L is connected and replace it by any conjugate by G. By Remark 14.31 
we may assume that L admits a Cartan decomposition L = KlA\Kl or 
L = K L Z^K L with K L C K, with A L C A, and with A\ n A + non- 
compact. Let hl : L — > E~£ be the corresponding Cartan projection. We 
naturally see El as a line in E. If L has semisimple k-rank 1, then E^ is a 
half-line in E + ; if L has semisimple k-rank 0, then E^ = El is a line in E, 
intersecting E + in a half- line, and 

nig) = E + nw-^L(g) 

for all g G L. Since all norms on E are equivalent, we may assume that || • || is 
the VF-invariant Euclidean norm introduced in Section [2j By composing fj,L 
with some isomorphism from El to R, we get a Cartan projection : L — ► M 
with 

for all g £ L. For every a £ A there are constants t+ , i~ > such that 



(5.1) <«,M<?)> 



t+K(g)\ suite) >o, 

t-\nl(g)\ if M !( 5 )<0. 

Let Ai = {a 6 A, > 0} denote the set of simple roots of A in G whose 
restriction to Al is nontrivial. Let E& L denote the subspace of E spanned by 
the coroots a for a £ Al, and let pr^ A : E — > E& L denote the orthogonal 
projection on Ea l - Then 

\v\e Al = ||prjs Ai («)|| 

defines a seminorm | • \e a on E. For a £ A, let Xa denote the highest weight 
of the representation (p a , V a ) of G introduced in Subsection 12.51 Recall that 
(x a ,a) 7^ and (Xa,$) = for all /? € A \ {a}, hence {(x«r)i a € A^} is 
a basis of the dual of E& L . Thus the function 

a€A L 

is a norm on E& L . Since all norms on E& L are equivalent, there exists c > 1 
such that 

(5-2) c- 1 - V |( Xa ,«)| < I^I^Ar < c V |( Xa ^)| 



a<=A L a£A L 



for all v £ E. 



5.2. Norm of the projection on E& L . The main step in the proof of 
Proposition 15.11 consists of the following proposition, which gives an upper 
bound for the seminorm | • \e a ■ 

Proposition 5.2. Under the assumptions of Proposition for any 5 > 
there exist a finite subset F' & of T, a neighborhood IA' 6 C Hom(r, G) of the 
natural inclusion, and a constant C' s > such that any 7 £ T may be written 
as 7 = 70 • • • 7n for some 70, . . . , J n € F' s with 
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(2) Er=lllM7*)IIHIE?=iM7i)l|, 

(3) \\fJ>(p( r Yi)) — A*(7i)|| < 1 for all (p EU' S and < i < n, 

(4) for all <p G U[, 

n n 

n&m - E m(v(70)| ^ 5 ( E iM-rou) + cs- 

i=0 Ai i=0 

To prove Proposition 15.21 we use Propositions 13.21 and 14. 1\ together with 
Lemma [ 



Proof. Let D > be the constant and Cl the compact subset of N£ given 
by Proposition 14.11 By Lemma l4~4"l for any a£ Aj,, the set Cl is contained 
in Int^o^-Po, for some compact subset C a of N~ , where Int(C a ) denotes the 
interior of C a . Let r a ,R a > be the corresponding constants given by 
Proposition 13.21 Fix 5 > and choose R> D large enough so that R ^ D < 5 
and min(t+, t~)(R— D) — 1 > R a for all a G A^ , where and t~ are defined 
by (JED- Let Fj be the set of elements 7 G T such that |/if (7)) < R + D, 
and F" the subset of elements 7 6 F| such that |//f (7)] > R- D. Note 
that Fj et F^' are finite since /if is a proper map and T is discrete in L. 
Let C Hom(r, G) be the neighborhood of the natural inclusion whose 
elements (p satisfy the following two conditions: 

• ||m(¥>(7)) " A*(7)ll < 1 and \(a, - m(t)>I < 1 for all 7 G F^ 
and all a G A^, 

• ^(7)^(7') e ^et-fa fo r an 7> 7' e ^5' with l^ky' G ClFl and all a G A^, 

where for g G G we write 5 = k g z g i g with A: 9 ,£ 9 G K and z 9 G Z + . We 
claim that Fg and U' s satisfy the conclusions of Proposition 15.21 for some 
constant C' s . Indeed, let 7 G T. By Proposition 14.11 we may write 7 = 
70 • • • 7n for some elements 70 G F' & and 71, . . . , 7„ G F$ such that 

• £^.ky i+l G ClPl for all 1 < i < n — 1, 

• /if (71), . . . , /if (7™) are all > or all < 0. 

This last condition implies that /if (71), • • • , /if (7 n ) all belong to the same 
half-line in F + , hence 



Ell/i(7i)ll = |l>(7< 



i=l i=l 

Moreover, since 71, . . . ,7„ G F", we have 



5 

- n n 

n ^ TfTTTJ-E 1^(7)1 < *X>(7i)ll- 

i=0 i=0 

Let <p &U' S . According to (15.21) . in order to prove Condition (4) it is sufficient 
to bound 

n 

i=0 
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for all a G Al. For a G Al and 1 < i < n we have 

{a, At(v(7i))> > (a^Ts)) -1 

> min(i+ t-)|/x£( 7i )| -1 

> min(t+ t") (i2-Z>) -1 > i? 
and ^( 7i )fc ¥ ,( 7i+1 ) G Proposition 13.21 thus implies that 



Xoh M(y(7l • • • In)) ~ E M^CTi)) 
i=i 



< nr n 



i=0 



On the other hand, by flO} and ([27 

|(Xa,M^(7)) -M(v(7i •••7n))}| < c ||yu(<^(-yo) 



< c-max(||/i(/)|| + l). 



By the triangular inequality, we finally get 

n n 

. x«, Mv(7)) - E < 7^75 ( E HmWII) + c 's 



i=0 



i=0 



with 



C7Hc-mfflc(|K/)ll + KXa,K/)>l + 2). 



By (|5.2|) . this implies Condition (4) whenever 

\- cr a 

aeA L 

which holds for R large enough. □ 



5.3. Proof of Proposition lBTTl Proposition ^, ll follows from Proposition l5"T2l 
and from the following general observation. 

Lemma 5.3. Let (E, \\ ■ ||) be a Euclidean space, with corresponding scalar 
product (-,-), and E\ a subspace of E. For any x G E, let \x\% = ||pr 1 (x)||, 
where pr 1 : E — > E\ denotes the orthogonal projection on E\ . For any 6 > 0, 
fix C'J > and letl$ be the set of pairs (x,x') G E 2 such that 

(1) x g Ei, 

(2) \x'-x\i < 26\\x\\+C%, 

(3) ||x'|| < (1 + <5) ||z|| + C%. 
Then 

\\x' - x\\ - 4C'J/S 
sup -— - >s^o 0. 



(x,x')£ls, x^O 



\X\ 



Proof. Let 6 G]0, 1] and (x,x') G X 5 . If ||x|| < C'J/S, then 

\\x' — x 
If IMI > C' s '/S, then 



AC" 

x - x\\ < \\x'\\ + < (2 + 5) \\x\\ + C'l < — r*-. 



\x'\\ < {1 + 25) \\x\\ 
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and 

(x, x') = (x, pi 1 (x')) > \\x\\ 2 — \\x\\\x — x'\\ > (1 — 35) \\x\\ 2 . 
To conclude, note that for y G E with ||y|| = 1, the diameter of the set 

{y' £E, 1-35 < (y,y') < \\y'\\ < 1 + 25} 
uniformly tends to with 5. □ 



Proof of Proposition^ Fix e G]0, 1]. For 5 G]0, 1], let F' s , U' s , and C' s be 
given by Proposition 15.21 Let 7 G T. By Proposition 15.21 we may write 
7 = 70 . . . 7„ for some 70, ... , 7„ G F' s such that 

(2) sr=i = 11 sr=iM(7i) 11, 

(3) ||M(v(7i)) " M(7i)ll < 1 for all <p G W£ and < i < n, 

(4) for all <p£U' s , 

n n 

- E M(^(7*))| < ^ ( E ||A*(7i)ll) + cs. 

i=0 Ai i=0 

Conditions (1), (3), and (4), together with (|2.3p and the triangular inequality, 
imply that for all (p £U' S , 



mOM) - E^ 7i 



< U(<?(7)) -J^M(v(7i)) _, +Ell /i ^( 74 )) ~^^ 7i 



i=0 



< W(5>(7i)ll)+CS + l 



i=0 



and 



ik^(7))ii < Em^))ii ^ (i + ^)(Eii^)n) + L 

8=0 1=0 

Moreover, Condition (2) implies that 

n n 

(5.3) X)||m(7<)II < |5>M +2max||/i(< 7 )||. 

Therefore, for p £U' S , Lemma 1531 applies to 

C'l = ^ + l + 4max|| / x(5)||, 

n 

x' = n((p(i)) ■■ 

we obtain that if 5 is small enough, then 



(5.4) 



i=0 



i=0 



+ 



4C1? 
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for all if G U'g. Now Conditions (1) and (3), together with the triangular 
inequality and (15,31) . imply that 



E^(7*)))-($>^)) ^ *(X>(t*)Ii)+i> 



i=0 



i=0 



< <*|X>(7i) 

i=0 

Therefore, if 5 is small enough, then 

n n 

M(¥>(7))-$3/*(p(7i)) - I ||Em(7*) 
for all if &U' S , where 



i=0 



+ 25 max 



CT 



+ 1. 



i=0 



C'l 



4C'J 



, +2<f max||/x( 5 )||+l. 

5 96^ 



In particular, taking <p to be the natural inclusion of T in G, we get 



(5.5) 
hence 



8=0 



< 



1 - - 

1 2 



(11^7)11 +Cf) < 2|| M ( 7 )|| +2C; 



5 > 



M^(7))-E^^)) <e|K7)ll+3C; 



i=0 



-</// 



for all if EU' S whenever 5 is small enough. Finally, Condition (1), together 
with (|5.3p and (|5.5|) . implies that 

n < 25||//( 7 )||+3(7f. 

) = 

sition I5TT1 for 5 small enough. 



Thus the triple (F e ,U e , C e ) = (F$,U' S , 3C'J') satisfies the conclusions of Propo- 

□ 



5.4. Properness and deformation. Let us now briefly explain how to 
deduce Theorems 11.11 and 11.31 from Theorem 11.41 

Theorem 11.31 follows from Theorem 11.41 and from the properness criterion 
of Benoist ( [Ben] . Cor. 5.2) and Kobayashi ( [Ko2] . Th. 1.1). Under the 
assumptions of Theorem 11.31 this criterion states that a subgroup r of G 
acts properly on G/H if and only if the set /x(r) n (fJ-(H) + C) is bounded 
for any compact subset C of E. This condition means that the set n(T) "gets 
away from n(H) at infinity". 

Proof of Theorem \l.S[ We may assume that G, H, and L are all connected. 
Let G = KA + K or G = KZ + K be a Cartan decomposition of G, and let 
fj, : G — > E + be the corresponding Cartan projection. Endow E with a 
TU-invariant norm || • || as in Section [2j By Remark [4.31 we may assume that 
L admits a Cartan decomposition L = KlA£Kl or L = K^Z^Kl with 
Kl C K and Al C A. If /zj, : L — > £j denotes the corresponding Cartan 
projection, then Si is naturally seen as a line in E and 

fi{£) = E + n (W • /x L (£)) 
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for all t G L. Thus fi(L) is contained in the union Ul of two half-lines of E + . 
Using Remark [4.31 again, there is an element g G G such that gHg^ 1 admits 
a Cartan decomposition gHg^ 1 = KhA^Kh or gHg^ 1 = K^Z^Kh with 
Kh C K and Ah C A. The set n(gHg~ l ) is contained in a finite union Uh 
of subspaces of E intersected with E + , parametrized by the Weyl group W . 
By (|2.4|) . the Hausdorff distance between [i(gHg~ l ) and n(H) is < 2 ||/u(<7)||. 
Therefore Ul^Uh = {0} by the properness criterion, and there is a constant 
e > such that 

d^(£),^H))>2e\W)\\-2\H9)\\ 

for all £ G L. By Theorem 11.41 there is a neighborhood U £ C Hom(T, G) of 
the natural inclusion and a constant C £ > such that 

[|/i(K7))-M(7)[|<e[|M(7)ll+C« 
for all G W E and 7 G T. Fix G W e . For all 7 G T, 

dGu(^( 7 )),/i(F)) > d(M7),M#))" 11/^(7)) "M7)ll 
> £ ||M7)l|-C £ -2|| M (s)||. 

Therefore, using the fact that V is discrete in G and ^ is a proper map, we 
get that //(<£>(r)) n {^{H) +C) is finite for any compact subset C of E. By the 
properness criterion, this implies that <p(T) acts properly on G/H. It also 
implies that <p(F) is discrete in G and that the kernel of 99 is finite. Since T 
is torsion-free, (p is injective. □ 

Proof of Theorem \1.1[ By Theorem 11.31 there is a neighborhood U C 
Hom(r, G) of the natural inclusion such that any (p G U is injective and 
(^(r) is discrete in G, acting properly discontinuously on G/H. Since p £U 
is injective, (/'(r) has the same cohomological dimension as T. We conclude 
using the fact, due to Kobayashi ( |Kolj . Cor. 5.5), that a torsion-free discrete 
subgroup of G acts cocompactly sur G/H if and only if its cohomological 
dimension is d(G) — d(H), where d(G) (resp. d(H)) denotes the dimension 
of the symmetric space of G (resp. of H). □ 

6. Application to the compact quotients of SO(2n, 2)/U(n, 1) 

Fix an integer n > 1. Note that U(n, 1) naturally embeds in SO(2n, 2) by 
identifying the Hermitian form \zi\ 2 + . . . + \ z n \ 2 — |z ra +i| 2 on C ra+1 with the 
quadratic form x\ + . . . + x\ n — x?. n+1 — x\ nJr2 on M 2n+2 . As Kulkarni |Kulj 
pointed out, U(n, 1), seen as a subgroup of SO(2n,2), acts transitively on 
the anti-de Sitter space 

AdS 2 " +1 = {(x 1 ,...,x 2n+2 )€R 2n+2 , xl + ... + x 2 2n -x 2 2n+1 -x 2 2n+2 = -l} 
~ SO(2n,2)/SO(2n,l). 

The stabilizer of (0, ... , 0, 1) is the compact subgroup U(n), hence AdS 2n+1 
identifies with U(n, 1)/U(n) and the action of U(n, 1) on SO(2n, 2)/SO(2n, 1) 
is proper. By duality, the action of SO(2n, 1) on SO(2n, 2)/U(n, 1) is proper 
and transitive. In particular, any uniform lattice T of SO(2n, 1) provides a 
standard compact quotient r\SO(2n, 2)/U(n, 1) of SO(2n, 2)/U(n, 1). 

Corollary 11.21 follows from Theorem II .11 and from the existence of Zariski- 
dense deformations in SO(m, 2) of certain uniform lattices of SO(m, 1). Such 
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deformations can be obtained by a bending construction due to Johnson 
and Millson. This construction is presented in [JM] for deformations in 
SO(m + 1, 1) or in PGL m+ i(R), but not in SO(m, 2). For the reader's con- 
venience, we shall describe Johnson and Millson's construction in the latter 
case, and check that the deformations obtained is this way are indeed Zariski- 
dense in SO(m, 2). 

From now on we use Gothic letters to denote the Lie algebras of real Lie 
groups (e.g. q for G). 

6.1. Uniform arithmetic lattices of SO(m, 1). Fix m > 2. The uniform 
lattices of SO(m, 1) considered by Johnson and Millson are obtained in the 
following classical way. Fix a square-free integer r > 2 and identify SO(m, 1) 
with the special orthogonal group of the quadratic form 

2 , .2 / — 2 

Xi -f- . . . -f- X m v rx m+l 

on R m+ , Let O r denote the ring of integers of the quadratic field Q(y / r). 
The group V = SO(m, 1) n M m+ i(O r ) is a uniform lattice in SO(m, 1) 
(see |Bol| for instance). For any ideal I of O r , the congruence subgroup 
rn(l+M m+ i(/)) has finite index in T, hence is a uniform lattice in SO(m, 1). 
By [MR], after replacing T by such a congruence subgroup, we may assume 
that it is torsion-free. Then M = ryiHI" 1 is a m-dimensional compact hyper- 
bolic manifold whose fundamental group identifies with T. By [JM], Lem. 7.1 
& Th. 7.2, after possibly replacing T again by some congruence subgroup, we 
may assume that N = ro\H m_1 is a connected, orientable, totally geodesic 
hyper surf ace of M, where 

r = rnso(m-i,i) 

and where 

i m_1 ^ {(x 2 ,...,x m+1 ) G R m , xl+...+x 2 m -Vrx 2 m+1 = -landx m+1 > 0} 
is embedded in 

M m ~ {(x 1 ,...,x m+1 ) E R m+1 , x 2 1 + ...+x 2 m -^x 2 m+1 = -landx m+ i > 0} 

in the natural way Since the centralizer of Tq in SO(m, 2) contains a sub- 
group isomorphic to SO(l, 1) ~ R*, the idea of the bending construction is 
to deform T "along this centralizer", as we shall now explain. 

6.2. Deformations in the separating case. Assume that iV separates M 
into two components Mi and M2, and let Ti (resp. T2) denote the funda- 
mental group of Mi (resp. of M2). By van Kampen's theorem, T is the 
amalgamated product T\ *r T2. Fix an element Y G so(m, 2) \so(m, 1) 
that belongs to the Lie algebra of the centralizer of Tq in SO(m, 2). Follow- 
ing Johnson and Millson, we consider the deformations of T in SO(m, 2) that 
are given, for t G R, by 



<pt(y) 



7 for 7 G Ti, 



Note that ipt : T — > SO(m,2) is well defined since e tY centralizes Tq. More- 
over, it is injective and <£>t(r) is discrete in SO(m, 2). We now check Zariski- 
density. 
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Lemma 6.1. For t ^ small enough, <ft(T) is Zariski- dense in SO(m,2). 

We need the following remark. 

Remark 6.2. For m > 2, the only Lie subalgebra of so(m, 2) that strictly 
contains so(m, 1) is so(m, 2). 

Indeed, so(m, 2) decomposes uniquely into a direct sum so(m, 1) © R m+1 
of irreducible SO(m, l)-modules, where SO(m, 1) acts on so(m, 1) (resp. 
on M m+1 ) by the adjoint (resp. natural) action. 

Proof of Lemma \6. 1\ Recall that SO(m,2) is Zariski-connected. Therefore, 
in order to prove that <pt(P) is Zariski-dense in SO(m, 2), it is sufficient to 
prove that the Lie algebra of y?t(r) is so(m, 2), where y>t(r) denotes the 
Zariski closure of <£>t(r) in SO(m, 2). 

By [JM] . Lem. 5.9, the groups Ti and T2 are Zariski-dense in SO(m, 1). By 
|JM| . Cor. 5.3, and [Serj . § 1.5.2, Cor. 1, they naturally embed in T. Therefore 
Vt(r) contains both SO(m, 1) and e ty SO(m, l)e~ tY , and the Lie algebra 
of yt(r) contains both so(m, 1) and the Lie algebra of e ty SO(m, l)e~ tY . By 
Remark 16.21 in order to prove that <^t(r) is Zariski-dense in SO(m, 2), it is 
sufficient to prove that the Lie algebra of e* y SO(m, l)e~ tY is not so(m, 1). 

But if the Lie algebra of e' y SO(m, l)e~ tY were so(m, 1), then we would 
have e' y SO(m, l)°e tY = SO(to,1)°, i.e., e tY would belong to the normal- 
izer ^so(m,2)(SO(m, 1)°) of the identity component SO(m, 1)° of SO(m, 1). 
Recall that the exponential map induces a diffeomorphism between a neigh- 
borhood U of in so(m, 2) and a neighborhood V of 1 in SO(m,2), which 
itself induces a one-to-one correspondence between U nn S0 ( TO> 2) (so (m, 1)) and 
VniVso( m ,2)(SO(m,l) ). Therefore, if we had e tY E ^ SO ' (m ,2)(SO(m, 1)°) 
for some t ^ small enough, then we would have 

Y £ "so(m,2)(so("i, 1)) = {Ie so(m, 2), ad(X)(so(m, 1)) = so(m, 1)}. 

But Remark 16.21 implies that n S p( m2 ) (so(m, 1)) is equal to so(m, 1), since 
it contains so(m, 1) and is different from so(m, 2). Thus we would have 
F E so(m, 1), which would contradict our choice of Y. □ 

6.3. Deformations in the nonseparating case. We now assume that 
S = M \ N is connected. Let j\ : Tq — > tti(S') and j'2 : To — > vri(S') denote 
the inclusions in 7Ti(S) of the fundamental groups of the two sides of N. The 
group T is a HNN extension of tti(S), i.e., it is generated by n±(S) and by 
some element v E T such that 

vk{l)v~ l =h(i) 

for all 7 E To- Fix an element Y E so(m, 2) \ so(m, 1) that belongs to the 
Lie algebra of the centralizer of ji(To) in SO(m, 2). Following Johnson and 
Millson, we consider the deformations of T in SO(m, 2) that are given, for 
t E R, by 

f ^(7) =7 for 7 E 7Ti(5), 
\ <^ t (i/) = z/e ty . 

Note that cpt : T — > SO(m, 2) is well defined since e* y centralizes ji(ro). 
Moreover, it is injective and ^t(r) is discrete in SO(m, 2). 

Lemma 6.3. For t ^ small enough, <ft(T) is Zariski-dense in SO(m, 2). 
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Proof. Let ^>t(r) denote the Zariski closure of (£>t(T) in SO(m, 2). By [JM] . 
Lem. 5.9, the group ni(S) is Zariski-dense in SO(m, 1), hence ft(X) contains 
both SO(m, 1) and ve tY . But u £ SO(m, 1), hence e tY G ^t(r). Therefore 
t^t(r) contains both SO(m, 1) and e tY SO(m,l)e~ tY , and we may conclude 
as in the proof of Lemma 16.11 □ 
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